
A roadmap to the (vanishing of the) Euler characteristic
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The Euler characteristic χ(X) ∈ Z
of a finite CW-complex X is a clas-
sical and fundamental homotopy in-
variant of X. It is the unique
numerical homotopy invariant of fi-
nite CW-complexes that is additive
and its value at the one-point space
is 1. For an oriented closed con-
nected smooth n-manifold M , the
Poincaré dual of the Euler character-
istic χ(M) ∈ H0(M ;Z) is the Eu-
ler class e(M) ∈ Hn(M ;Z) of the
tangent bundle of M ; the vanish-
ing of the characteristic class e(M)
(or χ(M)) is equivalent to the ex-
istence of a nowhere vanishing vec-
tor field on M . Moreover, the clas-
sical Poincaré–Hopf theorem states
that the Euler characteristic is equal
to the sum of the indices of a vec-
tor field at its isolated zeroes. By
Poincaré duality, the Euler charac-
teristic of an odd-dimensional closed
manifold vanishes.

The Euler characteristic and its
vanishing appear prominently in var-
ious contexts and in connection with
different kinds of invariants and
structures, especially, in the case of
aspherical manifolds. More specif-
ically, the properties of the simpli-
cial volume or the L2-Betti num-
bers of M , the existence of affine
structures on M or flat connections
on its tangent bundle, as well as
the existence of Riemannian metrics
on M with specific constraints on
the sectional curvature, all bear (es-
tablished or conjectural) relations to
the vanishing (or not) of the Euler

characteristic. Not only are these
relations interesting and significant,
but also the various ways they are
themselves interconnected and sup-
port each other in different degrees
of intensity are intricate and intrigu-
ing, too.

In order to illustrate this, let us
choose as starting point a well-known
conjecture attributed to Chern [25,
24]: the Euler characteristic of a
closed affine manifold vanishes. This
is known to hold for complete affine
manifolds [25] and for special affine
manifolds [24]. (A conjecture of
Markus states that a closed affine
manifold is complete if and only if it
is special affine; see [15].) Complete
affine manifolds are aspherical and
their universal covering space is Rn

– the last property fails for general
closed aspherical n-manifolds [11].
The tangent bundle of a general
affine manifold M supports a flat
connection. Therefore, as a con-
sequence of the generalized Milnor–
Wood inequality [23, 6, 14], the Eu-
ler characteristic of M vanishes if the
simplicial volume of M vanishes.

This suggests the conjecture that
already the simplicial volume of
a (complete) affine manifold van-
ishes [5], which was shown for com-
plete affine manifolds whose holo-
nomy contains a pure translation [5].
In addition, the last conjecture and
the Chern conjecture are interest-
ingly related with a question of Gro-
mov [17][29]: does the vanishing of
the simplicial volume of an aspherical
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manifold imply the vanishing of its
Euler characteristic? Note that this
implication is false for non-aspherical
manifolds (e.g. S2). Gromov’s ques-
tion is also equivalent to the bound-
edness of the Euler class of an as-
pherical manifold [29] – which brings
us back to properties of the tan-
gent bundle. It becomes tempting
to think that the existence of a flat
connection on the tangent bundle
(not necessarily torsion-free) might
already imply the vanishing of the
Euler characteristic, but this turns
out to be false in general [36].

On the other hand, if M admits
a flat Riemannian metric, then M
is aspherical and also both the sim-
plicial volume and the Euler charac-
teristic of M vanish. More gener-
ally, if M admits a Riemannian met-
ric of non-negative sectional curva-
ture, then its simplicial volume van-
ishes [9, 16] and a conjecture at-
tributed to Hopf predicts that its
Euler characteristic is non-negative
(see [31]). Of course such mani-
folds are not aspherical in general.
Instead, by the classical Cartan–
Hadamard theorem, M is aspherical
if it admits a Riemannian metric of
non-positive curvature and, in addi-
tion, the simplicial volume of M is
positive if M is actually negatively
curved [21].

From another viewpoint, the Eu-
ler characteristic can also be com-
puted from the L2-Betti numbers.

A well-known conjecture attributed
to Singer states (see [31]): the L2-
Betti numbers of an aspherical man-
ifold vanish away from the middle
dimension. This problem evolved
in several stages: the starting point
was Singer’s work on L2-harmonic
forms [35] and the continuation was
due to Dodziuk [13] and Ander-
son [1]. (The analogue of the Singer
conjecture over finite fields has re-
cently been disproved [3].) Com-
bined with Gromov’s question, the
Singer conjecture asks whether the
L2-Betti numbers of an aspherical
manifold vanish if its simplicial vol-
ume vanishes. Using Gromov’s Main
Inequality [16], the latter condition
follows from the vanishing of the
minimal volume. In this case, that
is, when M is aspherical with van-
ishing minimal volume, then its L2-
Betti numbers indeed vanish [33],
and therefore so does its Euler char-
acteristic, as a consequence of the L2-
Euler–Poincaré formula [31].

One is left to marvel at the com-
plex pattern drawn by these implica-
tions and to feel intrigued by their
intuitive or formal relations. The
diagram below aims to be a use-
ful condensed guide to these results
and conjectures, summarized non-
linearly in the form of a network of
interconnected (established or con-
jectural) implications. We recom-
mend the interested reader to con-
sult the references provided in the di-
agram for further reading.
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1. Glossary

1.1. Standing assumption. In the diagram, M is an oriented closed con-
nected (smooth) manifold of dimension n.

1.2. Notation.

1. χ(M): the Euler characteristic of M

2. e(M): the Euler class of the tangent bundle of M ; its `∞-norm
∥∥e(M)

∥∥
∞

is measured via bounded cohomology [16, 14]

3. minvol(M): the minimal volume of M [16, 4]

4. ‖M‖: the simplicial volume of M [16, 27]

5. ‖M‖F ,Z: the integral foliated simplicial volume of M [34, 18, 28]

6. M̃ : the universal covering of M

1.3. Terminology.

7 (affine). An affine manifold is a smooth manifold with an atlas whose
transition maps are affine transformations. Equivalently, an affine mani-
fold is a smooth manifold with a flat torsion-free connection on its tangent
bundle [2].

8 (almost abelian). A group Γ is almost abelian if there exists a finite normal
subgroup N C Γ such that Γ/N contains an abelian subgroup of finite index.
In particular, every almost abelian group is amenable [32].

9 (bounded). A cohomology class is bounded if it lies in the image of the
comparison map from bounded cohomology [16, 22] to ordinary cohomology.

10 (complete affine). A smooth affine manifold M is complete affine if the

associated developing map M̃ → Rn is a homeomorphism.

11 (flat). A Riemannian metric on a smooth manifold is flat if it has con-
stant sectional curvature 0. On complete connected smooth manifolds, a
Riemannian metric is flat if and only if the Riemannian universal covering
space is isometric to a Euclidean space.

12 (non-negative curvature). A Riemannian metric on a smooth manifold
has non-negative curvature if its sectional curvature is everywhere ≥ 0.

13 (non-positive curvature). A Riemannian metric on a smooth manifold
has non-positive curvature if its sectional curvature is everywhere ≤ 0.

14 (negative curvature). A Riemannian metric on a smooth manifold has
negative curvature if its sectional curvature is everywhere < 0.

15 (pure translation). An affine manifold has a pure translation if its holo-
nomy contains a pure translation.

16 (small amenable category). A manifold M has small amenable category
if it admits an open cover by at most dim(M) amenable subsets [16, 7]
(or, equivalently, an open cover by amenable subsets with multiplicity at
most dim(M)).
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17 (special affine). A smooth affine manifold M is special affine if its holo-
nomy lies in the special affine group [24].

18 (tangentially flat). A smooth manifold is tangentially flat if its tangent
bundle admits a flat connection.

1.4. Arrows.

19 (arrow types).

• •
?

conjectural implication

• • straightforward implication / by definition

• • non-trivial implication / by theorem

• • this implication does not hold in general

this implication also holds without “asphericity”
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[30] C. Löh, M. Moraschini, and R. Sauer. Amenable covers and integral foliated simplicial

volume. New York J. Math., 28:1112–1136, 2022.
[31] W. Lück. L2-Invariants: Theory and Applications to Geometry and K-Theory, vol-

ume 44 of Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. Springer-
Verlag, Berlin, 2002.

[32] A. L. T. Paterson. Amenability, volume 29 of Mathematical Surveys and Monographs.
American Mathematical Society, 1988.

[33] R. Sauer. Amenable covers, volume and L2-Betti numbers of aspherical manifolds.
J. Reine Angew. Math., 636:47–92, 2009.

[34] M. Schmidt. L2-Betti Numbers of R-spaces and the Integral Foliated Simplicial Vol-
ume. PhD thesis, Westfälische Wilhelms-Universität Münster, 2005. available online
at http://nbn-resolving.de/urn:nbn:de:hbz:6-05699458563.

[35] I. M. Singer. Some remarks on operator theory and index theory. In K-theory and
operator algebras (Proc. Conf., Univ. Georgia, Athens, Ga., 1975), Lecture Notes in
Math., Vol. 575, pages 128–138. Springer, Berlin, 1977.

[36] J. Smillie. Flat manifolds with non-zero Euler characteristics. Comment. Math. Helv.,
52(3):453–455, 1977.
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L2-Euler–Poincaré formula [31, Theorem 1.35]

In this diagram, M is an oriented closed connected (smooth) manifold of dimension n.
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