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Abstract

The literature in persistent homology often refers to a “structure the-
orem for finitely generated graded modules over a graded principal ideal
domain”. We clarify the nature of this structure theorem in this context.

1 Introduction

The persistent homology with field coefficients of finite type filtrations can be
described in terms of barcodes. Zomorodian and Carlsson promoted the elegant
idea to view persistent homology with coefficients in a fieldK as a graded module
over the graded polynomial ring K[T ] [ZC05]. They then suggest a general
structure theorem for finitely generated graded modules over graded principal
ideal domains [ZC05, Theorem 2.1]. Applying this structure theorem to the
graded polynomial ring K[T ] gives a graded elementary divisor decomposition
of persistent homology, which can be reinterpreted as barcodes [CZCG04] or,
equivalently, as persistence diagrams [EH10].

However, there does not seem to be a proof of this general structure theo-
rem in the literature in the form stated by Zomorodian and Carlsson. As this
theorem is quoted multiple times in work on persistent homology and as it is a
potential source of confusion, the goal of this expository note is to clarify the
nature of this structure theorem (even though it might be clear to the experts).

We first give a precise formulation of the structure theorem; this formu-
lation slightly differs from the statement of Zomorodian and Carlsson [ZC05,
Theorem 2.1] (for a reason explained below):

Theorem 1.1 (structure theorem for graded modules over graded PIDs). Let R
be a graded principal ideal domain with R 6= R0 and let M be a finitely generated
graded R-module. Then M admits a graded elementary divisor decomposition
(Definition 2.8) and the signatures of all such graded decompositions of M co-
incide.

The key observation of this note is that in fact every N-graded principal ideal
domain is
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2 2 Graded rings and modules

• a principal ideal domain with the 0-grading or

• a polynomial ring over a field with a multiple of the canonical grading.

The proof is elementary [VO83, Remark 2.7] (Proposition 3.1).
For trivially graded principal ideal domains, in general, the graded elemen-

tary divisor version of the structure theorem does not hold (Example 4.1). This
explains the additional hypothesis of R 6= R0 in Theorem 1.1. In contrast, the
graded prime power version of the structure theorem also holds if the grading
is trivial (Proposition 4.2).

For polynomial rings, the graded uniqueness part can be deduced in a
straightforward way from the ungraded uniqueness. However, for the graded
existence part, there does not seem to be a “generic” derivation from the un-
graded existence result – the difficulty being the graded direct sum splitting (as
exhibited in the case of the trivially graded ring Z). Finding such a splitting
needs a careful inductive approach that establishes that the torsion submodule
is graded and that avoids dividing out cyclic submodules in bad position/order.
The graded existence part can be proved using specific properties of polynomial
rings over fields.

In conclusion, the structure theorem for graded modules over graded prin-
cipal ideal domains gives a helpful structural perspective on barcodes for per-
sistent homology (and also for the computation of persistent homology [ZC05,
SVJ13]), but its scope does not seem to go beyond the special case that is needed
for persistent homology and it does not seem to provide a shortcut avoiding spe-
cial properties of polynomial rings over fields.

Generalisations of N-graded persistent homology such as zigzag persistence
or R-graded persistence (or more general indexing situations) are usually based
on arguments from quiver representations [CdS10, BCB20]. Similarly to the N-
graded case, in these settings, it is also essential that the underlying coefficients
are a field.

Organisation of this article

Basic notions on graded rings and modules are recalled in Section 2. In Section 3,
we prove the observation on the classification of graded principal ideal domains
(Proposition 3.1). The case of principal ideal domains with trivial gradings is
considered in Section 4; the case of polynomial rings over fields is discussed in
Section 5, where we give an elementary proof of the structure theorem.
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2 Graded rings and modules

We recall basic notions on graded rings and modules and decompositions of
graded modules. As usual in (discrete) persistence, we consider only the case of
discrete non-negative gradings, i.e., gradings over N.
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Definition 2.1 (graded ring). A graded ring is a pair (R, (Rn)n∈N), where R
is a ring and the Rn are additive subgroups of R with the following properties:

• The additive group (R,+) is the internal direct sum of the (Rn)n∈N.

• For all n,m ∈ N, we have Rn ·Rm ⊂ Rn+m.

For n ∈ N, the elements in Rn are called homogeneous of degree n. An element
ofR is homogenous if there exists an n ∈ N such that the element is homogeneous
of degree n.

A graded ring is a graded principal ideal domain if it is a domain and every
homogeneous ideal (i.e., generated by homogeneous elements) is generated by a
single element.

Example 2.2 (polynomial rings). Let K be a ring. Then the usual degree on
monomials in the polynomial ring K[T ] turns K[T ] into a graded ring via the
canonical isomorphism K[T ] ∼=Ab

⊕
n∈NK · Tn. We will refer to this as the

canonical grading on K[T ]. If K is a field, then K[T ] is a principal ideal domain
(graded and ungraded).

Definition 2.3 (graded module). Let R be a graded ring. A graded module
over R is a pair (M, (Mn)n∈N), consisting of an R-module M and additive
subgroups Mn of M with the following properties:

• The additive group (M,+) is the internal direct sum of the (Mn)n∈N.

• For all n,m ∈ N, we have Rn ·Mm ⊂Mn+m.

Elements of Mm are called homogeneous of degree m.

Remark 2.4 (the category of graded modules). Let R be a graded ring. Ho-
momorphisms between graded R-modules are R-linear maps that preserve the
grading. Graded R-modules and graded homomorphisms of R-modules form
the category RMod∗ of graded R-modules.

Example 2.5 (shifted graded modules). Let R be a graded ring, let M be a
graded module over R, and let n ∈ N. Then ΣnM denotes the graded R-module
given by the n-shifted decomposition 0⊕ · · · ⊕ 0⊕

⊕
j∈N≥n

Mj−n.

Example 2.6 (direct sums and quotients of graded modules). Let M and N
be graded modules over a graded ring R. Then M ⊕ N is a graded R-module
via the grading (Mn⊕Nn)n∈N. If M ′ ⊂M is a graded submodule of M (i.e., it
is generated by homogeneous elements), then (Mn/(M

′∩Mn))n∈N turns M/M ′

into a graded R-module.

Persistent homology leads to persistence modules [ZC05]. Persistence mod-
ules in turn give rise to graded modules over graded polynomial rings [ZC05,
Section 3.1]:

Example 2.7 (from persistence modules to graded modules). Let K be a ring
and let (M∗, f∗) be an N-indexed persistence K-module. Then M :=

⊕
n∈NM

n

carries a K[T ]-module structure, given by

∀x∈Mn T · x := fn(x) ∈Mn+1.

If we view K[T ] as a graded ring (Example 2.2), then this K[T ]-module structure
and this direct sum decomposition of M turn M into a graded K[T ]-module. If
(M∗, f∗) is of finite type, then M is finitely generated over K[T ].
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Finally, we define the central types of decompositions arising in the structure
theorems:

Definition 2.8 (graded elementary divisor decomposition). Let R be a graded
ring and let M be a graded module over R. A graded elementary divisor de-
composition of M over R is an isomorphism

M ∼=RMod∗

N⊕
j=1

ΣnjR/(fj)

of graded R-modules with N ∈ N, degrees n1, . . . , nN ∈ N, and homogeneous
elements f1, . . . , fN ∈ R with fj |fj+1 for all j ∈ {1, . . . , N −1}. Here, the right-
hand side carries the canonical grading. The elements f1, . . . , fN are called
elementary divisors of M .

The signature of such a decomposition is the multiset of all pairs (nj , R
× ·fj)

with j ∈ {1, . . . , N}.

Definition 2.9 (graded prime power decomposition). Let R be a graded ring
and let M be a graded module over R. A graded prime power decomposition
of M over R is an isomorphism

M ∼=RMod

N⊕
j=1

ΣnjR/(p
kj

j )

of graded R-modules with N ∈ N, n1, . . . , nN ∈ N, k1, . . . , kN ∈ N, and homo-
geneous prime elements p1, . . . , pN ∈ R. Here, the right-hand side carries the
canonical grading.

The signature of such a decomposition is the multiset of all pairs (nj , R
×·pkj

j )
with j ∈ {1, . . . , N}.

3 Graded principal ideal domains

For the sake of completeness, we provide a proof of the following observa-
tion [VO83, Remark 2.7].

Proposition 3.1 (graded PIDs). Let R be a graded principal ideal domain.
Then R is of one of the following types:

• We have R = R0, i.e., R is an ordinary principal ideal domain with the
0-grading.

• The subring R0 is a field and R is isomorphic to the graded ring R0[T ],
where the grading on R0[T ] is a multiple of the canonical grading.

Proof. Let R 6= R0 and let n ∈ N>0 be the minimal degree with Rn 6= 0. Then

R≥n :=
⊕

j∈N≥n

Rj

is a homogeneous ideal in R; as R is a graded principal ideal domain, there
exists a t ∈ R with R≥n = (t). We show that t is homogeneous of degree n: Let



4 Trivially graded principal ideal domains 5

x ∈ Rn \ {0}. Then t divides x and a straightforward computation shows that
hence also t is homogeneous. The grading implies that t has degree n.

We show that the canonical R0-algebra homomorphism ϕ : R0[T ] −→ R
given by ϕ(T ) := t is an isomorphism.

• We first show that ϕ is injective: Because R is graded and t is homoge-
neous, it suffices to show that a · tk 6= 0 for all a ∈ R0 \ {0} and all k ∈ N.
However, this is guaranteed by the hypothesis that R is a domain.

• Regarding surjectivity, let y ∈ R. It suffices to consider the case that y
is homogeneous of degree m ≥ n. Because (t) = R≥n, we know that t
divides y, say y = t · y′. Then y′ is homogeneous and we can iterate the
argument for y′. Proceeding inductively, we obtain that m is a multiple
of n and that there exists an a ∈ R0 with y = a · tm/n. Hence, ϕ is
surjective.

This establishes that R is isomorphic as a graded ring to R0[T ], where R0[T ]
carries the canonical grading on R0[T ] scaled by n.

It remains to show that R0
∼=Ring R/(t) is a field. Thus, we are left to

show that (t) is a maximal ideal in R. By construction, every ideal a that
contains (t) = R≥n is generated by (t) and a subset of R0; in particular, a is
homogeneous, whence principal. The grading shows that then a = R or a = (t).
Thus, (t) is maximal and so R0 is a field.

In the setting of Z-graded principal ideal domains, further examples appear,
such as generalised Rees rings [PvG82].

4 Trivially graded principal ideal domains

Example 4.1 (elementary divisor decompositions over trivially graded PIDs).
Let R be a principal ideal domain with the 0-grading that contains two non-
associated prime elements p and q (e.g., 2 and 3 in Z). We consider the graded
R-module

M := Σ0R/(p)⊕ Σ1R/(q).

This graded R module does not admit a graded elementary divisor decom-
position: Indeed, if there were a graded elementary divisor decomposition of M ,
then the corresponding elementary divisors would have to coincide with the un-
graded elementary divisors. The only ungraded elementary divisor of M is p · q.
However, M does not contain a homogenous element with annihilator ideal (p·q).
Therefore, M does not admit a graded elementary divisor decomposition.

Proposition 4.2 (prime power decompositions over trivially graded PIDs). Let
R be a principal ideal domain with the 0-grading and let M be a finitely generated
graded R-module. Then M admits a graded prime power decomposition and the
signature of all such graded decompositions of M coincide.

Proof. Because R is trivially graded, the grading on M decomposes M as a
direct sum

⊕
n∈NMn of R-submodules. In view of finite generation of M ,

only finitely many of these summands are non-trivial. We can now apply the
ungraded structure theorem to each summand Mn to conclude.



6 5 Polynomial rings over fields

5 Polynomial rings over fields

In view of Proposition 3.1, Theorem 1.1 can equivalently be stated as follows
(which is exactly the special case needed in persistent homology):

Theorem 5.1 (structure theorem for graded modules over polynomial rings).
Let K be a field and let M be a finitely generated graded module over the graded
ring K[T ]. Then there exist N ∈ N, n1, . . . , nN ∈ N, and k1, . . . , kN ∈ N>0 ∪
{∞} with

M ∼=K[T ]Mod∗

N⊕
j=1

ΣnjK[T ]/(T kj ).

Here, T∞ := 0. The multiset of all (nj , kj) with j ∈ {1, . . . , N} is uniquely
determined by M .

The rest of this section contains an elementary and constructive proof of
Theorem 5.1.

5.1 Uniqueness of graded decompositions

The uniqueness claim in Theorem 5.1 can be derived inductively from the un-
graded uniqueness statement:

Let a decomposition as in Theorem 5.1 be given and let ϕ :
⊕

... · · · −→ M
be a corresponding graded K[T ]-isomorphism. Then

M ′ := ϕ(N ′) with N ′ :=
⊕

j∈{1,...,N},nj=0

ΣnjK[T ]/(T kj )

is a graded submodule of M and it is not difficult to see that M ′ = ϕ(N ′) =
SpanK[T ]M0. Moroever, M ′ is finitely generated over K[T ]. Therefore, the
ungraded structure theorem when applied to M ′ shows that the multiset of all
pairs (nj , kj) with nj = 0 is uniquely determined by M .

For the induction step, we pass to the quotient M/M ′, which is a finitely gen-
erated graded K[T ]-module with (M/M ′)0 ∼= 0. We shift the degrees on M/M ′

by −1 and inductively apply the previous argument.

5.2 Homogeneous matrix reduction

The standard matrix reduction algorithm for the computation of persistent ho-
mology [EH10, ZC05] can be viewed as a proof of the existence part of Theo-
rem 5.1.

We phrase the matrix reduction algorithm in the graded language to em-
phasise the connection with graded decompositions.

Definition 5.2 (graded matrix). LetK be a field, let r, s ∈ N, and let n1, . . . , nr,
m1, . . . ,ms ∈ N be two monotonically increasing sequences. A matrix A ∈
Mr×s(K[T ]) is (n∗,m∗)-graded if the following holds: For all j ∈ {1, . . . , r}, k ∈
{1, . . . , s}, we have that the entry Ajk ∈ K[T ] is a homogeneous polynomial and

• Ajk = 0 or

• mk = nj + degAjk.
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In a graded matrix, the degrees of matrix entries monotonically increase
from the left to the right and from the bottom to the top.

Definition 5.3 (reduced matrix). Let K be a field, let r, s ∈ N, let n1, . . . , nr

and m1, . . . ,ms ∈ N be two monotonically increasing sequences, and let A ∈
Mr×s(K[T ]) be an (n∗,m∗)-graded matrix.

• For k ∈ {1, . . . , s}, we define

lowA(k) := max
{
j ∈ {1, . . . , r}

∣∣ Ajk 6= 0
}
∈ N

(with max ∅ := 0). I.e., lowA(k) is the index of the “lowest” matrix entry
in column k that is non-zero.

• The matrix A is reduced if all columns have different low-indices: For
all k, k′ ∈ N with lowA(k) 6= 0 and lowA(k′) 6= 0, we have lowA(k) 6=
lowA(k′).

Graded matrices can be transformed into reduced matrices via elementary
column operations; these reduced matrices then lead to module decompositions:

Algorithm 5.4 (homogeneous matrix reduction). Given a field K, r, s ∈ N,
monotonically increasing sequences n1, . . . , nr and m1, . . . ,ms ∈ N, and an
(n∗,m∗)-graded matrix A ∈Mr×s, do the following:

• For each k from 1 up to s (in ascending order):

Let ` := lowA(k).

If ` 6= 0, then:

• For each j from ` down to 1 (in descending order):

If Ajk 6= 0 and there exists k′ ∈ {1, . . . , k − 1} with lowA(k′) = j,
then:

• Update the matrix A by subtracting Ajk/Ajk′ -times the col-
umn k′ from column k.
[Loop invariant observation: Because A is graded, Ajk/Ajk′ in-
deed is a homogeneous polynomial over K and the resulting ma-
trix is (n∗,m∗)-graded. This eliminates the entry Ajk′ .]

• Return the resulting matrix A.

Proposition 5.5. Let K be a field, let r, s ∈ N, let n1, . . . , ns and m1, . . . ,mr ∈
N be monotonically increasing, and let A ∈ Mr×s(K[T ]) be an (n∗,m∗)-graded
matrix. Then:

1. The homogeneous matrix reduction algorithm (Algorithm 5.4) terminates
on this input after finitely many steps (relative to the arithmetic on K).

2. The resulting matrix A′ is reduced and there is a graded s × s-matrix B
over K[T ] that admits a graded inverse and satisfies A′ = A ·B.

3. The low-entries of the resulting matrix A′ are the elementary divisors of A
over K[T ].
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4. We have

F/ imA ∼=K[T ]Mod∗
⊕
j∈I

ΣnjK[T ]/(Tmk(j)−nj )⊕
⊕
j∈I′

ΣnjK[T ],

where F :=
⊕r

j=1 ΣnjK[T ] and I := {lowA′(k) | k ∈ {1, . . . , s}} \ {0}
as well as I ′ := {1, . . . , r} \ I. For j ∈ I, let k(j) ∈ {1, . . . , s} be the
unique (!) index with lowA′(k(j)) = j.

Proof. Ad 1. Well-definedness follows from the observation mentioned in the
algorithm: As every homogeneous polynomial in K[T ] is of the form λ · T d

with λ ∈ K and d ∈ N and as the matrix is graded, the corresponding division
can be performed in K[T ] and the gradedness of the matrix is preserved by the
elimination operation. Termination is then clear from the algorithm.

Ad 2. As we traverse the columns from left to right, a straightforward
induction shows that no two columns can remain that have the same non-zero
value of “lowA”. The product decomposition comes from the fact that we only
applied elementary homogeneous column operations without swaps.

Ad 3. Because the resulting matrix A′ is obtained through elementary col-
umn operations from A, the elementary divisors of A′ and A coincide. Applying
Lemma 5.6 to A′ proves the claim.

Ad 4. In view of the second part, we have that F/ imA ∼=K[T ]Mod∗ F/ imA′.
Therefore, the claim is a direct consequence of Lemma 5.6.

Lemma 5.6. Let K be a field, let r, s ∈ N, let n1, . . . , nr and m1, . . . ,ms ∈ N
be monotonically increasing, and let A ∈ Mr×s(K[T ]) be an (n∗,m∗)-graded
matrix that is reduced. Then:

1. The low-entries of A are the elementary divisors of A over K[T ].

2. Let F :=
⊕r

j=1 ΣnjK[T ] and I := {lowA(k) | k ∈ {1, . . . , s}} \ {0} as well
as I ′ := {1, . . . , r} \ I. Then

F/ imA ∼=K[T ]Mod∗
⊕
j∈I

ΣnjK[T ]/(Tmk(j)−nj )⊕
⊕
j∈I′

ΣnjK[T ]

Proof. Ad 1. Let k ∈ {1, . . . , s} with ` := lowA(k) 6= 0. Then we can clear out
all the entries of A in column k above ` by elementary row operations (again, the
gradedness of A ensures that this is possible). Swapping zero rows and columns
appropriately thus results in a matrix in rectangle “diagonal” form; moreover,
as all the “diagonal” entries are monomials, we can swap rows and columns to
obtain a matrix A′ in Smith normal form that both

• has the same elementary divisors as A and

• whose elementary divisors are precisely the low-entries of A.

In particular, these elementary divisors must coincide.
Ad 2. The claim is clear if A is already in Smith normal form. By con-

struction, there are square matrices B and C that are invertible over K[T ] and
represent graded K[T ]-isomorphisms with

A′ = C ·A ·B.

In particular, F/ imA ∼=K[T ]Mod∗ (C · F )/ imA′. By construction, the values
of lowA′ and the degrees of A′ differ from the ones of A only by compatible
index permutations. Therefore, the claim follows.
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5.3 Existence of a graded decomposition

To prove existence in Theorem 5.1 we can follow the standard proof pattern
of first finding a (graded) finite presentation and then applying (homogeneous)
matrix reduction.

Let M be a finitely generated graded K[T ]-module. Then M also has a finite
generating set consisting of homogeneous elements. This defines a surjective
graded K[T ]-homomorphism

ϕ : F :=

r⊕
j=1

ΣnjK[T ] −→M

for suitable r ∈ N and monotonically increasing n1, . . . , nr ∈ N. As ϕ is a
graded homomorphism, kerϕ ⊂ F is a graded K[T ]-submodule and we obtain
an isomorphism

M ∼=K[T ]Mod∗ F/ im kerϕ

of graded K[T ]-modules.
Because K[T ] is a principal ideal domain, the graded submodule kerϕ ⊂ F

is finitely generated over K[T ]. Because kerϕ is a graded submodule, kerϕ has a
finite homogeneous generating set. (In fact, there also exists a homogeneous free
K[T ]-basis for kerϕ, as can be seen from a straightforward inductive splitting
argument [Web85, Lemma 1].) In particular, there exist s ∈ N, monotonically
increasing m1, . . . ,ms ∈ N, and a graded K[T ]-homomorphism

ψ : E :=

s⊕
k=1

ΣmkK[T ] −→ F

with imψ = kerϕ. Because ψ is graded and n∗, m∗ are monotonically increas-
ing, the r×s-matrix A over K[T ] that represents ψ with respect to the canonical
homogeneous bases of E and F is graded in the sense of Definition 5.2.

Applying the homogeneous matrix reduction algorithm to A shows that

M ∼=K[T ]Mod∗ F/ imA,

has the desired decomposition (Proposition 5.5; after discarding the irrelevant
terms of the form ΣnK[T ]/(T 0)).

This completes the proof of the structure theorem (Theorem 5.1).

Remark 5.7. There is a general matrix reduction for a slighlty different notion
of “graded” matrices over (Z-)graded principal ideal domains [PvG82]. However,
one should be aware that such “graded” matrices in general only lead to graded
homomorphisms once one is allowed to change the grading on the underlying free
modules. This explains why this general matrix reduction does not contradict
the counterexample in the case of 0-graded principal ideal rings in Example 4.1.

5.4 Barcodes

For the sake of completeness, we recall the relation between graded decomposi-
tions and barcodes:
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Remark 5.8 (barcodes of persistence modules). Let K be a field and let
(M∗, f∗) be an N-indexed persistence K-module of finite type. We equip M :=⊕

n∈NM
n with the canonical graded K[T ]-module structure (Example 2.7). By

the graded structure theorem (Theorem 5.1), there exist N ∈ N, n1, . . . , nN ∈ N,
and k1, . . . , kN ∈ N>0 ∪ {∞} with

M ∼=K[T ]Mod∗

N⊕
j=1

ΣnjK[T ]/(T kj ).

Let B be the multiset of all (nj , kj − 1) with j ∈ {1, . . . , N}; then B is uniquely
determined by M and this multiset B is the barcode of (M∗, f∗).

The barcode contains the full information on the isomorphism type of the
graded K[T ]-module M (and the underlying persistence module) and describes
the birth, death, and persistence of elements as specified by the “elder rule”: If
(n, p) is an element of the barcode, this means that a new independent class is
born at stage n, it persists for p stages, and it dies (if p 6=∞) at stage n+p+ 1.

In particular, this leads to the notion of barcodes of persistent homology
(in a given degree) of finite type persistence chain complexes and finite type
filtrations in topology.
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