SIMPLICIAL VOLUME WITH F,-COEFFICIENTS

CLARA LOH

ABSTRACT. For primes p, we investigate an Fp-version of simplicial vol-
ume and compare these invariants with their siblings over other coef-
ficient rings. We will also consider the associated gradient invariants,
obtained by stabilisation along finite coverings. Throughout, we will
discuss the relation between such simplicial volumes and Betti numbers.

1. INTRODUCTION

Simplicial volumes measure the size of manifolds in terms of singular fun-
damental cycles. Different choices of coefficients and of counting simplices
in singular cycles lead to different versions of simplicial volume.

The classical simplicial volume || - || of an oriented closed connected man-
ifold is defined in terms of the ¢'-norm on the singular chain complex with
real coefficients, i.e., we use a weighted count of singular simplices [5, §]
(Section 2.1 contains a precise definition).

We will study weightless simplicial volumes, i.e., we will ignore the weight
of the coefficients and only count the number of singular simplices. In this
way, for every coeflicient ring R, we obtain a notion of weightless simplicial
volume || - [y (Definition 2.1). In particular, this leads to an [Fj-version of
simplicial volume:

Definition 1.1. Let M be an oriented closed connected n-manifold and let
p € N be a prime number. Then the Fy-simplicial volume ||[M||g y of M is
defined as

m
Z aj-oj € Cp(M;Fp) is an Fp-fundamental cycle of M}

min{m eN
=1

The following natural questions emerge:

(A) What is the topological /geometric meaning of these invariants?

(B) How do these invariants relate to other topological invariants?

(C) (How) Does the choice of the prime number affect simplicial volume?

(D) Do these invariants relate to the weightless Q-simplicial volume?

(E) What happens if F,-simplicial volumes are stabilised along a tower
of finite coverings?

In the present paper, we will study these questions, keeping a focus on the
comparison with Betti numbers. In order to simplify the discussion, we will
start with Questions (C) and (D).
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1.1. Comparison of coefficients. Using different finite fields as coeffi-
cients for singular homology, in general, leads to different Betti numbers.
But the universal coefficient theorem implies that this dependence on the
coefficients is rather limited: If X is a finite CW-complex and k& € N, then
for all but finitely many primes p € N we have

b (X3 Fp) = bi(X;Q).
The situation for weightless simplicial volumes is similar: In general, differ-
ent prime numbers will lead to different simplicial volumes over the corre-

sponding finite fields (Example 2.7). But for every manifold, this exceptional
behaviour is limited to a finite number of primes:

Theorem 1.2. Let M be an oriented closed connected manifold. Then for
all but finitely many primes p € N we have

1Ml g, = [ Mll -

In the same spirit, as for Betti numbers, the weightless simplicial volumes
of fields with equal characteristic coincide (Theorem 3.8).

In contrast with the Betti number case, the weightless QQ-simplicial vol-
ume does not necessarily coincide with the weightless Z-simplicial volume
(Proposition 2.8 shows that RP3 is an example of this type) and that the
ordinary integral simplicial volume || - ||, (Section 2.1) tends to be much
bigger than the weightless Q-simplicial volume:

Theorem 1.3. For every K € N there exists an oriented closed connected
3-manifold with
M|z, > K - [[M]]q)-

Question 1.4 (weight problem). Let M be an oriented closed connected
manifold. What is the difference between integral simplicial volume || M|l
and the weightless integral simplicial volume || M|, ?

1.2. Topological meaning. We will now come to questions (A) and (B).
Weightless simplicial volumes give Betti number bounds and provide ob-
structions against domination of manifolds (Definition 2.4). We explain this
in more detail:

If M is an oriented closed connected manifold and p € N is a prime
number, then Poincaré duality shows that for all £ € N we have

b (M Fp) < || Mg,

(Proposition 2.6). This estimate can be used to calculate weightless simpli-
cial volumes in simple cases (Section 2.3); conversely, estimates of this type
lead to homology gradient bounds, when stabilising along towers of finite
coverings (Section 1.3).

Classical simplicial volume is a homotopy invariant and compatible with
mapping degrees: If f: M — N is a continuous map between oriented
closed connected manifolds of the same dimension, then

|deg f|- [Nllg < [M]|g-

Therefore, classical simplicial volume gives a priori bounds on the set of
possible mapping degrees [5].
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Similarly, also weightless simplicial volumes are homotopy invariants and
they satisfy the following estimates (Proposition 2.3): Let f: M — N be
a continuous map between oriented closed connected manifolds of the same
dimension.

e If p € N is a prime number with p { deg f, then INllw,) < IM]|(g,)-
o If deg f 0, then [Nl|g) < 1Ml g,

In addition to the similarity with the degree estimate for classical simplicial
volume these monotonicity properties are similar to the corresponding mono-
tonicity statements for Betti numbers with [F)-coefficients and Q-coefficients,
respectively. In particular, the weightless Q-simplicial volume complements
the Betti number obstruction against domination of manifolds (Section 2.2).

1.3. Stabilisation along finite coverings. Finally, we address the last
question (E) on stabilisation of F,-simplicial volumes along towers of finite
coverings.

Definition 1.5. Let M be an oriented closed connected manifold and let
p € N be a prime number. Then the stable Fy,-simplicial volume of M is
defined as

IV g,
d
Remark 1.6 (inherited vanishing). Let M be an oriented closed connected

manifold and let p € N be a prime number. Then reduction modulo p shows
that

|M||%s y := inf d €N, N — M is a d-sheeted covering ; € R>.
(Fp) =

1M, < M.

In particular, all known vanishing results for the stable integral simplicial
volume || M||7" imply corresponding vanishing results for || M|z ). This in-
cludes, for example, the case of aspherical manifolds with residually finite
amenable fundamental group [4], smooth aspherical manifolds with non-
trivial Sl-action [2], and graph manifolds [3]. Moreover, also aspherical
manifolds with small enough amenable covers have vanishing stable weight-
less simplicial volume [14] (Example 4.12).

In addition, we have the following vanishing phenomenon in the presence
of non-trivial self-maps: If M is an oriented closed connected manifold that
admits a self-map of non-trivial degree, then the classical simplicial volume
satisfies || M || = 0 (this follows from the degree estimate). If M is aspher-
ical and the fundamental group is residually finite, then this vanishing also
carries over to L2-Betti numbers [11, Theorem 14.40]. In the same way, we
obtain vanishing of stable weightless simplicial volumes:

Theorem 1.7. Let M be an oriented closed connected aspherical mani-
fold with residually finite fundamental group. If M admits a continuous
map f: M — M with deg f & {—1,0,1}, then for all primes p € N with
p1deg f we have

1M |G,y = 0 = [|M][ig-

It should be noted that it is an open problem to determine whether the
same conclusion also holds for [|M||7" instead of [[M]|( ).
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As in the case of stable integral simplicial volume [10, Theorem 6.6, Re-
mark 6.7], stable [F,-simplicial volumes admit a description in terms of the
probability measure preserving action of m1(M) on its profinite comple-

tion W ) (see Section 4.4 for the definitions):

Theorem 1.8 (dynamical view). Let M be an oriented closed connected
manifold with residually finite fundamental group and let p € N be a prime
number. Then

1M, = 1M

We conclude with a brief outlook on the relation with homology gradients:

Remark 1.9 (homology gradients). Let M be an oriented closed connected
manifold and let p € N be a prime number. Let (I'j)jen be a descending
chain of finite index subgroups of (M) and let (M;);en be the corre-
sponding tower of covering manifolds. Then the Betti number bound of
Proposition 2.6 yields the corresponding homology gradient bound

. bp(Mj; Fp) Ml o IMGlle,)
hm sup ——————— < hm — P = ll'lf 710.
P I (M) Ty = joee [ri(M) :T;] — jen [mi(M) : T]

Similar to the case of homology gradients, we are therefore led to the
following open problems:

Question 1.10 (approximation problem). Let M be an oriented closed
connected manifold with residually finite fundamental group. For which (if
any) primes p € N do we have

1M1[e,) = 1Ml ?

Question 1.11 (chain problem). Let M be an oriented closed connected
manifold with residually finite fundamental group, let p € N be a prime, let
(T'j)jen be a descending chain of finite index subgroups of 71 (M), and let
(M;)jen be the associated sequence of covering manifolds of M. How does
the value

i Ml

j—00 [7T1(M) : Fj]
depend on the choice of this chain (I'j) ey ?

Question 1.12 (Euler characteristic problem). Gromov asked the follow-
ing question [6, p. 232]: Let M be an oriented closed connected aspherical
manifold M with || M||g = 0. Does this imply x(M) =07

The Betti number estimate shows that ‘X(M)‘ < (dimM +1) - HMHEEP)
for all primes p (Proposition 4.4).

Hence, we arrive at the following question: Let M be an oriented closed
connected aspherical manifold with |[[M || = 0 (and residually finite funda-
mental group). Does there exist a prime number p € N with || M ||(°I§p) =07

Organisation of this article. We introduce weightless simplicial volumes
in Section 2 and establish some basic properties, including a proof of Theo-
rem 1.3. In Section 3 we prove the comparison theorem Theorem 1.2. Stable
weightless simplicial volumes are studied in Section 4, where we prove The-
orem 1.7 and Theorem 1.8.
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2. WEIGHTLESS SIMPLICIAL VOLUMES

We will introduce weightless simplicial volumes and the special case of
[F)-simplicial volumes. Moreover, we will collect some basic properties of
these invariants.

2.1. Basic definitions. If R is a subring of R, then the R-simplicial volume
of an oriented closed connected n-manifold M is defined as

1Mg = inf{z 0
j=1

Zaj S Cn(M,R)
j=1

is an R-fundamental cycle of M } € Rxo.

Here, | - | denotes the standard absolute value on R and C,(M; R) is the
n-th chain group of the singular chain complex of M. Classical simplicial
volume, as introduced by Gromov [5], is || M |-

If R is a commutative ring with unit, in general, we will not find a norm
on R in the usual sense; but we can always use the trivial size function

"‘ZR—>RZQ
0 ifz=0
T +—
1 ifx#0

on the coefficients, which leads to the counting “norm” on the singular chain
complex (thereby forgetting the weights of the individual simplices): If X is
a topological space and k € N, then we define

m

E aj-aj

=1

m

= lajl = m

=1

for all singular chains >, a;-0; € C(X; R) in reduced form. This “norm”
on the singular chain complex results in the following definition:

Definition 2.1 (weightless simplicial volume). Let R be a commutative ring
with unit and let M be an oriented closed connected manifold of dimension n.
Then the weightless R-simplicial volume of M is defined as

Zaj~oj € Cn(M;R)

J=1

M| (gy = min{m eN

is an R-fundamental cycle of M } eN.

If p € N is a prime number, then for the ring IF,, we obtain Definition 1.1.

Of course, we can extend this definition of [| - || g, to all singular homology
classes with R-coefficients by minimising the counting norm over all singular
cycles representing the given homology class.

Remark 2.2. Let R be a (non-trivial) commutative ring with unit and let
M be an oriented closed connected manifold.

(1) If M is non-empty, then HM||(R) % 0, whence HM||(R) > 1.
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(2) Because every Z-fundamental cycle gives rise to an R-fundamental
cycle, we have

M|l (gy < [M]l(zy < [IM]l7.

2.2. Degrees and domination. Weightless simplicial volumes can serve
as an obstruction against domination of manifolds.

Proposition 2.3 (degree monotonicity). Let M and N be oriented closed
connected manifolds of the same dimension and let f: M — N be a con-
tinuous map.

(1) If R is a commutative ring with unit and deg f is a unit in R, then
[Nl (gy < 1M]|(g)-

(2) In particular: If deg f # 0, then [|[Nl|q) < [Ml|q). Ifp € N is
prime and p 1 deg f, then |]N||(Fp) < ||M||(Fp).

Proof. Let ¢ = Z?:l aj-oj € Cp,(M; R) be an R-fundamental cycle that is

in reduced form. Because deg f is a unit in R, the chain
G

is an R-fundamental cycle of N. In particular,
INll gy < 11 < & = Ie].
Taking the minimum over all R-fundamental cycles ¢ of M shows that
[Nl gy < M|l (g)-
The second part is a special case of the first part. O

Definition 2.4 (domination). Let M and N be oriented closed connected
manifolds of the same dimension. The manifold M dominates N if there
exists a map M — N of non-zero degree.

Corollary 2.5. Let M and N be oriented closed connected manifolds of the
same dimension and let ' be a field of characteristic 0. If M dominates N,
then

M|l ry = [Nl (r)-

Proof. This is merely a reformulation of Proposition 2.3, using the domina-
tion terminology. O

2.3. Homology bounds and some examples. We will now explain how
homology bounds in terms of weightless simplicial volumes can be used to
compute first examples.

Proposition 2.6 (homology bounds). Let M be an oriented closed con-
nected manifold and let R be a commutative ring with unit.

(1) For all v € Hi(M; R) we have || gy < [[M||(g)-
(2) If R is a principal ideal domain and k € N, then

kg Hi(M; R) < || M||(g).-
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Proof. Like all results of this type, this is based on exploiting the explicit
description of the Poincaré duality map.

Let n:=dim M, let ¢ = 377" | a; - 0; € Cp(M; R) be an R-fundamental
cycle of M with m = |[M||(g), and let k € N. Then the Poincaré duality
map

- N [M]g: H" *(M;R) — Hy(M;R)
[f]— (= (n £ [Zaj n—k[05) - 5]k

is an isomorphism of R-modules. Clearly, the elements on the right hand
side have weightless norm at most m = [c[ = [|[ M| . This proves the first
part.

Moreover, the R-module Hy(M; R) is a quotient of a submodule of an
R-module that is generated by m elements. If R is a principal ideal domain,
this implies rkp Hi(M; R) < m. O

Example 2.7 (odd-dimensional projective spaces). Let n € N be odd. If
p € N is an odd prime, then

IRP"(g ) = 1

because RP" is dominated by S™ through a map of degree 2 and 2 is invert-
ible in [F,, (Proposition 2.3).
In contrast,
IRP™ |5y =

Indeed, on the one hand, [RP"(|g,) < [[RP"|; = 2 [9, Proposition 4.4] (the
cited argument also generalises to odd dimensions bigger than 3). On the
other hand, let us assume for a contradiction that ||RP”H(F2) = 1. Then
the Poincaré duality argument from Proposition 2.6 shows that the non-
trivial class in Hy(RP™;F3) = Fo can be represented by a single singular
2-simplex; however, a single singular 2-simplex cannot be an Fa-cycle (for
parity reasons). This contradiction shows that [[RP"||g,) = 2.

Proposition 2.8 (minimal weightless simplicial volume). Let M be an ori-
ented closed connected manifold and let n := dim M.
(1) Then |[M||qy =1 if and only if n is odd and M is dominated by S™.
(2) Then ||M||zy =1 if and only if n is odd and M ~ S".

Proof. If nis odd, then ||S™||, = 1 (we can wrap A" around S" with constant
face maps). Hence: If M ~ 5", then ||M[| 5 = 1. If M is dominated by S™,
then 1 < [[M|q) < 15" = 1.

Conversely, if [[ M|y = 1, then there is a singular simplex o: A" — M
that is a cycle that represents a non-zero homology class in H,(M;Q) and
in H,(M;Z). In particular, there is an m € Z\ {0} with ||m-[M]z||z = 1. It
is known that this implies that n is odd and that M is dominated by S™ [9,
Theorem 3.2].

Similarly, if ||M[|z) = 1, then there is a singular simplex o: A" — M
and an m € Z \ {0} such that m - o is a fundamental cycle of M. Because
[m - o] = [M]z is a generator of H,(M;Z) = Z, we obtain m € {—1,1}.
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Therefore, ||M]|, = 1, which implies that n is odd and M ~ S™ [9, Theo-
rem 1.1]. O

We will now establish Theorem 1.3, by proving the following generalisa-
tion:

Theorem 2.9. Let F' be a field. For every K € N there exists an oriented
closed connected 3-manifold with

1Ml > K - [ M| (-

Proof. Let p be the characteristic of F' and let N := N\ p-N. For n € N,
we write L(n,1) for the associated 3-dimensional lens space. Then L(n,1)
is covered, whence dominated, by S through a map of degree n; therefore,
for all n € N we obtain

L, V)| oy < N1S%N iy < 1S%M2 =1
(F)

(by Proposition 2.3).
On the other hand, the manifolds in the sequence (L(n, 1))n N

wise non-homeomorphic. Therefore, the sequence (||L(n, 1)HZ)nE n is un-

bounded by the finiteness result for the integral simplicial volume | - ||, on
3-manifolds [9, Proposition 5.3]. O

are pair-

Classical simplicial volume (with real coefficients) is known to behave well
with respect to products [5]. For integral simplicial volume of a product
manifold, there is an upper bound in terms of the products of the integral
simplicial volumes of the factors; however, it is unknown whether the integral
simplicial volume also satisfies a corresponding estimate from below.

Proposition 2.10 (product estimate). Let M and N be oriented closed
connected manifolds and let R be a commutative ring with unit. Then

dim M + dim N
max (g ¥ ) < IMx ¥y < (40 F 0™ )10y 1

Proof. The upper estimate can be shown via the explicit description of the
homological cross product on the level of singular chains through the shuffle
product; this is similar to the case of ordinary simplicial volume [1, Theo-
rem F.2.5].

For the lower estimate, we argue as follows: Let y € N be a point and let
i: M — M x{y} — M x N and p: M x N — M be the corresponding
inclusion and projection, respectively; moreover, we consider

o := Haim v (4 R)[M]r € Haim v (M x N; R).
Using Proposition 2.6, we obtain
”MH(R) = HHdimM(p§ R)(Q)H(R) < ||04||(R) < |[M NH(R)'
In the same way, we also have || N gy < [|M X N||(g). O

Using the Betti number estimate, we can also give an answer to the weight
problem (Question 1.4) in a very simple case:

Proposition 2.11. Let M be an oriented closed connected manifold and let
k € N. Then bp(M;Z) = |[Ml|lz, if and only if by.(M;Z) = || M| 7.
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Proof. The Betti number estimate (Proposition 2.6) and the universal coef-
ficient theorem imply that

bp(M;Z) < b (M3 Fp) < [[M|| g,y < [M|l(z) < [ M|l

for all primes p € N. Hence, if by(M;Z) = || M|z, then by(M;Z) = || M|
(and also by (M;Z) = || M|,y for all primes p).

Conversely, let us suppose that bi(M;Z) = ||MH(Z). Let n := dim M
and let ¢ = >, a;j - 0j € Cp(M;Z) be a Z-fundamental cycle of M that
satisfies m = || M[|(z). Assume for a contradiction that there exists a j €
{1,...,m} with a; ¢ {—1,1}. Then there is a prime number p € N that
divides a;. Hence, the term a; - 0; vanishes after reduction modulo p and so

bp(M;Z) < [|M|[(g,y <m =1 <m=|M| gz = bs(M;Z),

which is a contradiction. This shows that ai,...,a,;, € {—1,1}. Therefore,
we have

[Mllz, < |clh =m = [[M||z) < [|M][z,
and thus | M|, = | M| z- O

Example 2.12 (surfaces). Let ¥ be an oriented closed connected (non-
empty) surface and let p € N be a prime.

If ¥ = §2 then 1Xl 5,y = 2 (for parity reasons) and ||X|| 5 ) < 2 (straight-
forward construction). Hence, ||S2||(Fp) = 2. Similarly, ||SQ||( g) = 2 for every
non-trivial commutative ring R with unit.

We will now consider the case ¥ % S2. Let g € N denote the genus of X.
Because ||X]|, =4-g— 2 [9, Proposition 4.3], we obtain the upper estimate

1Sl < ISl < ISl =49 —2.
On the other hand, the Betti number estimate (Proposition 2.6) yields
29 =bi(TiF,) < [Sle, and 2-g=bi(SZ) < [T .

In particular, ||S! x SIH(]FP) =2 =St x Sl||(Z). However, if g > 2, the
exact values of ||X[|g ) or [|X[| () are not known.

For the weightless simplicial volume with Z-coefficients, we can at least
improve the bound 2 - g < |Zf[z) to a strict inequality: Assume for a
contradiction that 2-g = ||X| 7). Then Proposition 2.11 implies that 2- g =
%]l = 4-g—2, which is impossible for g > 2. Hence, we obtain 2-g < ||| 2.

3. COMPARISON THEOREMS

We will now focus on the comparison theorem (Theorem 1.2) that relates
weightless simplicial volumes over ), and Q. In order to promote fundamen-
tal cycles over I, to fundamental cycles over Q (while keeping control on the
number of simplices), we will consider the combinatorial types of simplices
and encode the relevant information in (finite) systems of linear equations.
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3.1. Combinatorics of singular cycles. We record the combinatorial
structure of singular chains in certain generalised simplicial complexes. These
complexes are specified by a set of n-simplices and an adjacency relation be-
tween the faces of these n-simplices.

Definition 3.1 (model complexes). Let n € N. An n-dimensional model
complex is a pair Z = (S, ~) consisting of a set S (the set of simplices of Z)
and an equivalence relation ~ on S x {0,...,n}.

Two n-dimensional model complexes (S,~) and (S’,~') are isomorphic
if there exists a bijection f: S — S’ between their sets of simplices that is
compatible with the adjacency relations, i.e.,

Vst k)esxio,..ny  (5:9) ~ (6, k) <= (f(s),5) ~ (f(t),k).

Definition 3.2 (model). Let M be a topological space, let n € N, let R be

a commutative ring with unit, and let ¢ = Z;n:l aj -o0j € Cp(M;R) be a

singular chain in reduced form. The model of ¢ is the n-dimensional model
complex Z = ({o1,...,0m},~), where ~ is given by

vo,fe{al,...,am} v',kE{O,...,n} (U7j) ~ (7_7 k) <~ 0o aj =TO ak
Here 9;: A"} — A" denotes the inclusion of the j-th face of A™.

3.2. Translation to linear algebra. Because the model of a singular chain
stores which faces are equal, we can encode the property of being a cycle
into a linear equation. (The linear equation is redundant, but it does have
the advantage that the description is simple.)

Definition 3.3 (cycle matrix). Let n € N and let Z = (S,~) be an n-
dimensional model complex. If (s,1),(¢,j) € S, then we write

)0 if (s,4) £ (t,7)
COCDZ (<17 (s5,4) ~ (t.5).
The cycle matriz of Z is the matrix A = (a(s,3)+)((s,i),t)e(Sx{0,...n})x S iven
by

n

A(si),t *= Z T'(5,0),(.4)

§=0
for all (s,i) € S x{0,...,n}, teS.
Lemma 3.4. Let M be a topological space, letn € N, let R be a commutative
ring with unit. Let ¢ = 71 a; - 0j € Co(M;R) be a singular chain in
reduced form, and let A be the cycle matriz of the model of c. Then ¢ is a
cycle if and only if

a

A-| ¢ | =0
am

Here, we view A as a matriz over R via the canonical unital ring homomor-
phism 7. — R.
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Proof. Let (s,i) € S x {0,...,n} and let A ;) be the (s,i)-row of A. By
construction of the cycle matrix A, the value
ai
A(s,i) . in R
A,

is the total contribution of the singular simplex s o 9; in the chain dc =
S Xio(=1)" - aj - 0508, € Gt (M R).
Hence, A - (a1,...,a,)" = 0if and only if dc = 0. O

3.3. Basics on solution spaces. For the sake of completeness, we recall
two facts on solutions of linear equations:

Definition 3.5. Let k,m € N, let A € M,,(Z) and b € ZF. If R is
a commutative ring with unit, then we view A and b as a matrix/vector
over R and we write

La(R):={z € R"|A-z =0} C R™
LAJ)(R) = {$€Rm | A'J}:b}CRm
for the corresponding sets of solutions over R.

Lemma 3.6. Let F' and E be fields of the same characteristic. Let k,m € N
and let A € Myyn(7Z), b € ZF. Then

LAJ,(F) 75 (Z) < LA’b(E) 75 @

Proof. By transitivity, it suffices to consider the case where F' is the prime
field of E. In view of Gaussian elimination, there exist invertible matri-
ces S € GLg(F) and T € GL,,(F) such that

A::S-A-TEMka(F)

is in row echelon form (because the original equation is defined over Z,
whence over F', we only need matrices S and 7" with entries in F').

Let b:=S-b-T € F*. Then
Lap(F) #0 <= Lz3(F) #0

and similarly for E. Moreover, because A is in row echelon form and F is a
subfield of F/, we have

Combining these equivalences proves the claim. O

Lemma 3.7. Let k,m € N and let A € Myxm(Z). Suppose that P C N is
an infinite set of primes with

Vper  La(Fp) # {0}.

Then La(Z) # {0} and for all but finitely many p € P we have (where
mp: ™ — )t denotes the reduction modulo p)

(L a(Z)) = La(Fp).
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Proof. The structure theory of matrices over Z shows that there exist in-
vertible integral matrices S € GLg(Z) and T € GL,,(Z) such that

A=8-A-T
is in Smith normal form; i.e., Aisa “diagonal” matrix of the form

ai
S Mk’xm(Z)

0

with » € {0,...,min(m,k)} and ai,...,a, € Z\ {0} satisfying a; | ag,
as | as, ..., ar—1 | a,.

If R is a domain, then (we interpret integral matrices in the canonical
way as matrices over R and use the fact that invertible integral matrices
stay invertible over R)

La(R) =Ly 17.(R)=T-Li(R).
In particular, we have L4(R) = {0} if and only if
r=m and Ve ., a; #0in R.

We now consider the set @ C N of prime divisors of aq,...,a,. Clearly,
this set @ is finite. Then P’ := P\ @ is cofinite in P and for all p € P’ we

have L 7(IF,) = m,(L 7(Z)). Hence, we obtain

La(Fy) =T Lz(Fy) =T mp(Lz(2)) = mp(T - L5(2))
= Tp (LA(Z))
for all p € P’. In particular, L(Z) # {0}. O

3.4. Equal characteristic. As a warm-up for the proof of Theorem 1.2,
we prove the following comparison result in equal characteristic:

Theorem 3.8 (equal characteristic). Let M be an oriented closed connected
manifold and let I and E be fields of the same characteristic. Then

[M]] ) = IM]| -

Proof. Let n := dimM and let ¢ = >°7', a; - 0; € Cpo(M;E) be an E-
fundamental cycle of M in reduced form with [c| = m = [[M||g. We
consider the model Z of ¢ and the associated cycle matrix A € My (Z)
(for simplicity, we index the rows of A by natural numbers instead of by
pairs). So far, A only encodes the fact that ¢ is a cycle. In order to also
encode the corresponding homology class, we proceed as follows:

We pick a point x € M and consider the local degrees d; € Z determined
uniquely by the relation

H,(0; Z)[A",0A"]) = d; - [M;x]z € Hn(M,M\ {x};Z);
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here, [M; x|z = Hy(i;Z)[M]z denotes the generator in H, (M, M\ {z};Z) =
H,(M;Z) = 7Z corresponding to the fundamental class [M]z under the in-
clusion i: (M,()) — (M, M \ {z}). Because ¢ is a fundamental cycle, we

obtain
m
Zdj-aj =1 in F.
j=1

Hence, the coefficients (a1, ..., am) € E™ of ¢ lie in the solution set Lz 5(E),
where A € Mt 11)xm(Z) is the matrix obtained from A by adding the last
row (di,...,dp) and where b := (0,...,0,1) € ZF+1,

In particular, Lz 5(E) # (). Because F' and E have the same characteristic,
we also have Lz3(F) # 0 (Lemma 3.6). Let (ay,...,a;,) € Li5(F). We
now consider the chain

m

Za c0j € Cp(M; F).

j=1
By construction, the model of ¢ is contained in the model Z of ¢. The
chain ¢’ is a cycle because (aj,...,ap,) € Lzj(F) C La(F) and A is the
cycle matrix of the model Z (Lemma 3.4). Moreover, ¢’ is an F-fundamental
cycle of M: The additional equation

m
Zdj-ag-zl in F
7j=1

ensures that

Za n(oj; F)A™, 0A"p = af-d; - [M;z]p
j=1
= [M,x]p in Hy,(M, M\ {z}; F),

and hence [/] = [M]p.
In particular, ||M|| z) < || <m = [M]|(g)- By symmetry, we also obtain
the reverse inequality | M|[ gy < || M[| 5. O

3.5. Comparison with characteristic 0. Using the tools and techniques
from the previous sections, we will now give a proof of Theorem 1.2. The
situation in this proof is slightly different from the equal characteristic case
because we will need to deal with cycles that have isomorphic models but
consist of different singular simplices.

Proof of Theorem 1.2. We begin with the proof that ||M|[ ) < [|M[] g
holds for all but finitely many primes p: Let ¢ € C,,(M;Q) be a Q-funda-
mental cycle of M with |c| = [[M]|g). Then there exists an m € N\ {0}
such that m - ¢ is an integral cycle, representing m - [M|z in H, (M;Z). Let
P C N be the set of primes that do not divide m. Then P contains all but
finitely many primes in N. Let p € P and let ¢, € Cy,(M;F,,) be the mod p
reduction of ¢. Then ¢, is a cycle, m is a unit modulo p, and

1
e € Cn(M;TFy)
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is an [Fp-fundamental cycle of M. In particular,
1
1Ml g, < | - | < lel = 1Ml] g
We will now prove the converse estimate: By Remark 2.2, we have

{HMH(FP) ‘ peN prime} - {07 SR HMHZ}%

in particular, the set on the left hand side is finite. Let V' € {0,...,|M]|,}
be the smallest accumulation point of (||M ||(Fp))p€N prime and let P C N be
the set of primes p € N with V' < [[M || ). Because {0, ..., ||M]|,} is finite,
the set P is cofinite in the set of primes. Therefore, it suffices to prove that
for all but finitely many p € P we have

M|l <V < [M]|g,)-

Because there exist only finitely many isomorphism classes of n-dimensional
model complexes with at most V' simplices, there exists such an n-dimension-
al model complex Z and an infinite subset P’ C P such that for every p € P’
there exists an F,-fundamental cycle of M whose model is isomorphic to Z.
We will now show that there also exists a Q-fundamental cycle of M whose
model is isomorphic to Z:

Let A € Myym(Z) be the integral cycle matrix associated with Z (again,
we simplify the index set). By Lemma 3.4, we hence know that

Vperr  La(Fp) # {0}.
Applying Lemma 3.7 therefore shows that there exists a cofinite set P” C P’
with
Vpepr Wp(LA(Z)) = LA(Fp)-
Let p € P” and let ¢, = Z;-/Zl a;j - 0; € Cp(M;Fp) be an F)-fundamental
cycle of M with model isomorphic to Z. Because of m,(LA(Z)) = La(F,) and

Lemma 3.4 there exists a cycle ¢ = Z;’/:l aj-o; € Cp(M;Z) whose reduction
modulo p equals ¢, and whose model is isomorphic to Z. In particular,

[c] # 0 € Hn(M;Z) C Hy(M;Q)

(because its reduction [¢,] is non-zero in Hy, (M;F,)). Then a rational multi-
ple of ¢ is a Q-fundamental cycle of M and we obtain || Mg < |c| < V. O

Corollary 3.9. Let M be an oriented closed connected manifold and let F
be a field of characteristic 0. Then for all but finitely many primes p € N
we have

1M g,y = M|l )

Proof. We only need to combine Theorem 1.2 with Theorem 3.8. O

4. STABILISATION ALONG FINITE COVERINGS

In this section, we discuss the stabilisation of weightless simplicial volumes
along towers of finite coverings. In particular, we will prove Theorem 1.7
and Theorem 1.8.
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4.1. Stable weightless simplicial volumes. The classical simplicial vol-
ume || - || is multiplicative under finite coverings; however, integral simpli-
cial volume || - ||, in general, is not multiplicative under finite coverings.
Hence, it makes sense to study the corresponding gradient invariant, the
stable integral simplicial volume, defined by

N
1Mz = inf{”dHZ ‘ de N, N — M is a d-sheeted covering}

for oriented closed connected n-manifolds M.
Analogously, we can also introduce the gradient invariants associated with
weigthless simplicial volumes:

Definition 4.1 (stable weightless simplicial volume). Let M be an oriented
closed connected n-manifold and let R be a commutative ring with unit.
Then the stable weightless R-simplicial volume of M is defined by

Nl (r)
d

This generalises Definition 1.5.

||M||(()?g) = inf{ ’ de N, N — M is a d-sheeted covering}.

Remark 4.2 (basic estimates). Let M be an oriented closed connected
n-manifold and let R be a commutative ring with unit.
(1) Then [ M|y < |M]5 and M5, < M.
(2) If M admits a self-covering of non-trivial degree, then || M ||‘()fz) = 0.
In particular, the stable weightless simplicial volumes of tori are zero.
(3) If (I') jen is a descending chain of finite index subgroups of (M)
and (Mj);en is the corresponding tower of finite covering manifolds
of M, then the sequence
1
)
<[7r1(M) : Ty 183l ) JEN
is monotonically decreasing (full lifts of fundamental cycles give fun-
damental cycles of finite coverings), whence convergent. Therefore,
M; M;
Ml Ml
J—r00 [Wl(M)ZFj] Jj—r00 [Wl(M)ZFj]
(4) Every (generalised) triangulation of M gives rise to an Fo-fundamen-
tal cycle. Hence, we obtain

1M, < 0w (M),
where 0., (M) denotes the stable A-complexity of M [12].
4.2. The Euler characteristic estimate. We start with a few simple ex-

ample estimates for stable weightless simplicial volumes of even-dimensional
hyperbolic manifolds.

Example 4.3 (surfaces). Let ¥ be an oriented closed connected (non-
empty) surface of genus ¢ € N>; and let p € N be a prime. Then we
know 2 g < [[X|g,) < 4-g— 2 (Example 2.12). Taking the infimum over

all finite coverings of ¥ produces the estimates (and similarly for ||M HE%)

(D) =2-9-2<S)Z, <4-g—4= S|z =2- |x(D)].
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However, the exact values of ||X[| ) or [|X[[7Z) are not known if g > 2.

Proposition 4.4 (Euler characteristic estimate). Let M be an oriented
closed connected n-manifold and let R be a principal ideal domain. Then

IX(M)| < (n+1) - | M| (g)-

In particular: For all prime numbers p € N we have |X(M)| < (n+1)-
1M (,)-

Proof. Let N — M be a finite covering of M with d € N sheets. Then the
Betti number estimate of Proposition 2.6 shows that

n

O = 5 - (V)] < =3 xkn (N R)
j=0

1
<(n+1)- a [Nl g)-
Taking the infimum over all finite coverings of M finishes the proof. O

Corollary 4.5. Let n € N be even. Then there exists a constant C,, € Nsg
such that: For every oriented closed connected hyperbolic n-manifold and
every principal ideal domain R we have

[M|l(g) = Cn - vol(M).
In particular: For all prime numbers p € N we have ||M|| g y = Cy - vol(M).

Proof. Applying the generalised Gau-Bonnet formula [13, Theorem 11.3.2]
to the hyperbolic manifold M results in
2
X(M) = (=1)"? . == -vol(M),
Oy
where €2,, denotes the volume of the standard unit n-sphere.
In combination with Proposition 4.4, we therefore obtain
1 2
= (M) =
a1 @D (n+1)-Q,
4.3. Self-maps of non-trivial degree. We will now prove Theorem 1.7
in the following, slightly more general, form:

M55, > - vol(M). 0

Theorem 4.6. Let M be an oriented closed connected aspherical mani-
fold with residually finite fundamental group that admits a continuous self-
map f: M — M with deg f ¢ {—1,0,1}. If R is a commutative ring with
unit and deg f is a unit in R, then

1M1 Ry = 0

We proceed in the same way as in the proof of the corresponding statement
for L2-Betti numbers [11, Theorem 14.40]. As a preparation, we recall the
following well-known fact:

Lemma 4.7 (mapping degrees and index of subgroups).

(1) Let M and N be oriented closed connected manifolds of the same
dimension and let f: M — N be a continuous map of non-zero
degree. Then immy(f) has finite index in w1 (N).
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(2) Let M be an oriented closed connected aspherical manifold with resid-
ually finite fundamental group and let f: M — M be a continuous
map with deg f & {—1,0,1}. Then

1< [m(M) :imm(f)] < oo.

Proof. The first part follows from covering theory (by considering the cov-
ering of N associated with im 7 (f)).

For the second part, we write I' := 71 (M). By the first part, im 7 (f) has
finite index in I'.

Assume for a contradiction that [I' : im 7 (f)] = 1, i.e., that m;(f) is an
epimorphism. As residually finite group, the group I' is Hopfian. Hence, the
epimorphism 71(f): I' — T is an isomorphism. Because M is aspherical,
this implies that f is a homotopy equivalence. In particular, deg f € {—1,1},
which is a contradiction. Therefore, [I' : im 7 (f)] > 1. O

Proof of Theorem 4.6. Let T' := my(M). For k € Nlet f := f%: M —
M Dbe the k-fold composition of f and let I'y := immi(fx) C T be the
corresponding subgroup. For k € N, let pr: My — M be the covering
associated with the subgroup T, C T'; thus, there is a py-lift f,: M — M;,
of fr. By construction,

deg f, - degpp = deg(pi © f1) = deg fi

= (deg f)",
and so deg f} is a unit in R. In view of Proposition 2.3, we obtain
[ Mell(ry < 1Ml gy

thus,

M M
0%, < e Pl M
keN |deg py| keN [T : Tg]

Therefore, it suffices to show that the sequence ([I" : T'y])gen is unbounded:
To this end, for k € N, we consider the self-map

gk == [ ok My — My,

of My. Because I'j has finite index in I', the covering manifold M}, is com-
pact; morevoer, M}, is aspherical and oriented and 71 (My) = I'y C T'is
residually finite. Using the fact that

deg gy = deg f, - degpy, = (deg f)* ¢ {-1,0,1},
we obtain from Lemma 4.7 that
1< [7T1(Mk) . imm(gk)] = [Pk . 7T1<fk)<rk)] = [Fk . ng]

In particular, the sequence ([I" : T'yx])xen is unbounded. O

Proof of Theorem 1.7. If p t deg f, then deg f is a unit in F), and so Theo-
rem 4.6 can be applied. O
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4.4. The dynamical view. In order to formulate and prove Theorem 1.8,
we first introduce the type of dynamical systems that we are interested in:

Definition 4.8. Let I" be a group. A standard I'-space is a standard Borel
probability space (X, u) together with a p-preserving I'-action.

If a =T ~ (X,pn) is a standard I-space and R is a commutative ring
with unit, then we write

L®(ov, R) := L™(X,7) ®z R.

This module is equipped with the ZI'-right module structure induced by
the I'-action @ on X. More concretely, L>°(a, R) can be viewed as the ZI'-
module of functions X — R with finite image and measurable pre-images
(up to equality p-almost everywhere).

If f: X — R is an element of L>°(a, R), then we write

supp f := f'(R\ {0}) C X.

Example 4.9 (profinite completion). If T" is a finitely generated residually
finite group, then the profinite completion [ of I is a standard Borel space.
The canonical translation action of I on I is measure preserving with respect
to the inverse limit probability measure of the normalised counting measures
on the finite quotients of I'. Moreover, this action is essentially free. For
simplicity, we also denote the corresponding standard I'-space by L.

In analogy with parametrised/integral foliated simplicial volume [15, 10],
we consider weightless parametrised simplicial volumes (by ignoring the
magnitude of the coefficients):

Definition 4.10 (weightless parametrised simplicial volume). Let M be an
oriented closed connected n-manifold, let o := 71 (M) ~ (X, p) be a stan-
dard 71 (M )-space, and let R be a commutative ring with unit. A cycle ¢ €
Cn(M; L™ (a, R)) = L™(X, R) @z, (m) Cn(M;Z) is an (a; R)-fundamental
cycle of M if ¢ is homologous (in Cy(M; L*>(«, R))) to an integral funda-
mental cycle of M (via the canonical map Cy(M;Z) — Ci(M; L*>®(a, R))
given by the constant functions). The weightless parametrised R-simplicial
volume of M is defined as

> fi®oj € Co(M; L*(a, R))

=1

1My = inf{Zu(Supp 7

j=1

is an (a; R)-fundamental cycle of M }

Clearly, in the situation of the previous definition, we have
0< ||M||(oz,R) < ||M||(a;Z) < IMI aa

where | M| “ denotes the ordinary parametrised simplicial volume with pa-
rameter space «.

Finally, we prove Theorem 1.8; again, we establish a slightly more general
version:
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Theorem 4.11. Let M be an oriented closed connected manifold with resid-
ually finite fundamental group and let R be a commutative ring with unit.

Then

The proof is a straightforward adaption of the proof of the correspond-
ing statement for stable integral simplicial volume [10, Theorem 6.6, Re-
mark 6.7]. We first set up some notation for the proof:

We abbreviate T := 71 (M) and a ;=T ~ T.

If A C T is a finite index subgroup, we write My — M for the
associated covering.

We write S for the set of all finite index subgroups and F'(S) for the
set of all finite subsets of S.

If F € F(5), then we write Xp := @Aepf/A and ap =T ~
Xp for the assoc@ted parameter space. Moreover, we denote the
canonical I'map I' — X by np.

In the proof of Theorem 4.11, we will use the following ingredients:

(1)

If A is a finite index subgroup of I', then

1
1Ml g y:m) = [T:A] 1Ml -

[The proof of the corresponding statement for parametrised integral
simplicial volume [10, Proposition 4.26, Corollary 4.27| carries over
to the weightless setting, because the division by the index happens
inside the probability space.]

If F € F(S), then a is a finite I-probability space and thus a finite
convex combination of coset spaces as in (1). Therefore,

MRy < 1M1 (apir)-

[Again, the arguments of the classical case [10, Proposition 4.15] also
work in the weightless setting.]

Let L C L*™(c, R) be a ZI'-submodule that is dense in the following
sense:

vf€L°<>(O¢,R) VeeRso  JgelL u(supp(f—g)) <e.

Then the induced homomorphism H,, (M; L) — H,(M;L>*(a, R))
is norm-preserving with respect to the weightless norms.

[The standard proof [15, Lemma 2.9][7, Proposition 1.7] of state-
ments of this type — by approximating boundaries — also works in
the weightless setting.]

Proof of Theorem 4.11. We first prove that |[M||, gy < HMH?%) IfAes,
then the canonical projection o — ay,) and (1) show that

1
IM | (;ry < 1Ml (0 y:m) = T A 1Ml (g)-
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Every (connected) finite covering of M corresponds to a finite index sub-
group of m1(M). Therefore, taking the infimum over all A in S implies

1
_
1Moo < Rk g

1Ml gy = [1MIIgk)-

Conversely, we now show that HM||‘(>E) < [[M||(4,r): To this end we con-
sider the ZI'-submodule

L:= |J {fornr|feL®arR)}

FeF(S)

of L*®(a, R). The submodule L is dense in L>(«, R) in the sense of (3): Let
o be the o-algebra of I'. The set

o' :={A€0|Veer.y, IBec XxBELAUAAB)<e}

is a o-algebra. Moreover, ¢’ is contained in o and ¢’ contains for every F' €
F(S) the mp-preimage of the o-algebra of Xp. Hence, ¢/ = o and so L is
dense in L*>(a, R).

Combining (2), (3), and the construction of L, we obtain

12155 < 306 1M iy = 1M iy 0
Example 4.12 (small amenable covers). Let M be an oriented closed con-
nected aspherical (triangulable) n-manifold with residually finite fundamen-
tal group that admits an open cover by amenable sets such that each point
of M is contained in at most n of these sets. Then

1M =0

for all commutative rings R with unit (in particular, ||M H‘(’]I?p) = 0 for all
prime numbers p). Before giving a proof of this statement, we recall that
a subset U C M of M is amenable if for every x € U the image of the
homomorphism 71 (U, z) — 71 (M, z) induced by the inclusion is amenable.
Indeed, by work of Sauer [14, proof of Theorem B, Section 5.3] we have

M — =
| ”(M(M);Z) 0

(Sauer’s notion of mass of the fundamental class of M with respect to the

action of m1(M) on W ) coincides with ||M]| T Therefore, the

1(M)§Z))'

canonical ring homomorphism Z — R shows that

0 < IMll =mam) < 1Ml sy = ©

Applying Theorem 4.11, we hence obtain

1M |[Cry = M = 0.

”(m/%;m
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