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1 The short version

L2-Betti numbers are like Q-Betti numbers, but multiplicative.

2 The slightly longer version

Definition 2.1. Let Γ be a countable group and let k ∈ N. The k-th L2-Betti number of Γ
is defined as

b
(2)
k (Γ) := dimNΓHk(Γ;NΓ) ∈ [0,∞].

• Here, NΓ := B(`2Γ)Γ is the group von Neumann algebra of Γ and

• dimNΓ is the von Neumann dimension over NΓ, which is induced by the trace

trNΓ : NΓ→ C, f 7→
〈
e, f(e)

〉
`2Γ

as follows:

– If P is a finitely generated projective NΓ-module and p : NΓn → NΓn satisfies
P ∼=NΓ im p and p ◦ p = p, then (which is independent of n and p !)

pdimNΓ P := trNΓ p ∈ R≥0.

– If M is an NΓ-module, then the von Neumann dimension of M is defined by

dimNΓM := sup {pdimNΓ P | |P ⊂M finitely generated projective} ∈ [0,∞].

It is the miracle of (group) von Neumann algebras that this definition indeed gives a
well-behaved notion of dimension.

Theorem 2.2. Let Γ, Λ be countable groups and let k ∈ N. Then:

• b
(2)
0 (Γ) = 1/#Γ

• b
(2)
k (Γ× Λ) =

∑k
j=0 b

(2)
j (Γ) · b(2)

k−j(Λ)

• b
(2)
k (Γ ∗ Λ) =

{
b
(2)
1 (Γ) + b

(2)
1 (Λ) + 1− 1

#Γ −
1

#Λ if k = 1

b
(2)
k (Γ) + b

(2)
k (Λ) if k ≥ 2

• If BΓ admits a finite model, then χ(Γ) =
∑

j∈N(−1)j · b(2)
k (Γ) and b

(2)
j (Γ) = 0 for

all j ∈ N>dim Γ.

• If BΓ admits an oriented closed connected n-manifold model, then b
(2)
k (Γ) = b

(2)
n−k(Γ).

• Multiplicativitiy. If Λ is a finite index subgroup of Γ, then b
(2)
k (Γ) = 1/[Γ : Λ] · b(2)

k (Λ).
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Theorem 2.3 (Lück’s approximation theorem). Let Γ be a residually finite group of finite
type and let (Γi)i∈N be a residual chain in Γ. Then

b
(2)
k (Γ) = lim

i→∞

dimQHk(Γi;Q)

[Γ : Γi]
.

Theorem 2.4 (Gaboriau). Let Γ and Λ be countable groups that admit stably orbit equivalent
standard actions of index c. Then, for all k ∈ N,

b
(2)
k (Γ) = c · b(2)

k (Λ).

Example 2.5.

• If Γ is finite, then b
(2)
k (Γ) = 1/#Γ · bk(Γ;Q) for all k ∈ N.

• If Γ is countable, infinite, and amenable, then b
(2)
k (Γ) = 0 for all k ∈ N [Cheeger–

Gromov].

• If M is an oriented closed connected hyperbolic manifold and k ∈ N with 2·k 6= dimM ,

then b
(2)
k (M) = 0 [Dodziuk].

3 Exercises

Exercise 3.1. Let Γ be a countable group. Show that trNΓ has the trace property, i.e.,
that trNΓ(a · b) = trNΓ(b · a) holds for all a, b ∈ NΓ.

Exercise 3.2. Let Γ be a group with the following property: For all n ∈ N and all matri-
ces A ∈ Mn×n(CΓ), we have dimNΓ(ker(MA : NΓn → NΓn)) ∈ N. Show that then CΓ has
no non-trivial zero divisors.

Exercise 3.3. Compute all L2-Betti numbers of Z, finitely generated free groups, funda-
mental groups of closed surfaces. Do the computation once directly via Theorem 2.2 and
once via the approximation theorem.

Exercise 3.4. Let Σ2 be the oriented closed connected surface of genus 2 and let F2 be the
free group of rank 2.

1. Do F2 and F2 × F2 admit stably orbit equivalent standard actions?

2. Do π1(Σ2) × π1(Σ2) and F2 × F2 × F2 × F2 admit stably orbit equivalent standard
actions?

Exercise 3.5. Define the deficiency gradient of finitely presented groups and prove an upper
bound for the deficiency gradient in terms of the L2-Betti numbers in degree 0, 1, 2.

Exercise 3.6. Find/Read recent papers in (geometric) group theory that use L2-Betti
numbers!
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