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1 Amenability

Definition 1.1. A group Γ is amenable if it admits an invariant mean.

• A mean is an R-linear map m : `∞(Γ,R)→ R with m(1) and m(f) ≥ 0 for all f ≥ 0.

• A mean m : `∞(Γ,R)→ R is invariant if (where γ · f := (x 7→ f(γ−1 · x)))

∀γ∈Γ ∀f∈`∞(Γ,R) m(γ · f) = m(f).

All finite and all abelian groups are amenable. Free groups of rank 2 are not amenable.

Exercise 1.2. Show that the class of amenable groups is closed under taking subgroups and
quotient groups and that extensions of amenable groups by amenable groups are amenable.

Definition 1.3. Let Γ be a group. The bounded cohomology of Γ is defined as (with respect
to the simplicial coboundary operator)

H∗b (Γ;R) := H∗
(
`∞(Γ∗+1,R)Γ

)
.

Exercise 1.4. Compute the bounded cohomology of the trivial group.

Exercise 1.5. Show that H0
b (Γ;R) ∼=R R for all groups Γ.

Proposition 1.6 (amenable transfer, baby case). Let Γ be an amenable group and n ∈ N>0.
Then Hn

b (Γ;R) ∼=R 0.

2 Open covers

Definition 2.1. Let F be a class of groups (e.g., the class of amenable groups) and let X
be a space. An open F -cover of X is an open cover U of X by path-connected subsets such
that

∀V ∈U ∀x∈V im
(
π1(V, x)→ π1(X,x)

)
∈ F.

Let X be a topolocigal space and let U be an open cover of X. The nerve of U is the
(abstract) simplicial complex N , defined as follows: If n ∈ N, then the n-simplices of N are
the sets {V0, . . . , Vn}, where V0, . . . , Vn ∈ U are pairwise different and

⋂n
j=0 Vj 6= ∅. The

multiplicity of U equals dimN + 1.
Let X be a CW-complex and let U be an open cover of X. If ϕ = (ϕV )V ∈U is a partition

of unity on X subordinate to U , then the associated nerve map νϕ : X → |N | is defined by

x 7→
∑
V ∈U

ϕV (x) · V.

This is a well-defined continuous map.

Exercise 2.2. Prove that different partitions of unity lead to homotopic nerve maps.

If X is a connected CW-complex and U is an open F -cover of X, the lifted cover Ũ of X̃
consists of all path-components of the pre-images of the members of U .

Proposition 2.3. In this situation, the deck transformation action of Γ := π1(X) turns the

nerve Ñ of Ũ into a Γ-simplicial complex and the universal covering map X̃ → X induces
a well-defined simplicial map Ñ → N .

Exercise 2.4. Prove this proposition.

Proposition 2.5. In this situation, if F is a class of groups closed under isomorphisms
and U is an open F -cover of X, then each stabiliser of Γ y |Ñ | is a subgroup of a finite
intersection of groups in F .
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3 Classifying spaces

Definition 3.1. A family of subgroups of a group Γ is a set (haha) of subgroups of Γ that
is closed under taking subgroups and finite intersections.

Definition 3.2. Let Γ be a group and let F be a family of subgroups of Γ. A model
of EFΓ is a Γ-CW-complex X with isotropy in F and the following universal property: For
every Γ-CW-complex Y with isotropy in Γ, there exists up to Γ-homotopy precisely one
Γ-map Y → X.

Theorem 3.3. Let Γ be a group and let F be a family of subgroups of Γ.

1. A Γ-CW-complex X is a model of EFΓ if and only if it has isotropy in F and for
all H ∈ F , the fixed point set XH is weakly contractible.

2. There exists a model of EFΓ.

Exercise 3.4. Understand how the case of the family of the trivial subgroup translates into
the classical case of (universal coverings of) Eilenberg–Mac Lane spaces.

4 Cohomological effects

Theorem 4.1 (Gromov [1]). Let M be an oriented closed connected manifold that admits
an amenable open cover of multiplicity at most dimM . Then ‖M‖ = 0.

In view of the duality principle, the vanishing of the simplicial volume

‖M‖ := inf
{
|c|1

∣∣ c ∈ Cn(M ;R) fundamental cycle
}

of M is equivalent to the vanishing of the comparison map Hn
b (M ;R)→ Hn(M ;R). There-

fore, Theorem 4.1 is a consequence of the following cohomological version:

Theorem 4.2 ([1]). Let n ∈ N and let X be a connected CW-complex that admits an
amenable open cover of multiplicity at most n. Then, for each k ∈ N≥n, the comparison
map Hn

b (X;R)→ Hn(X;R) is zero.

This cohomological vanishing theorem can be proved by applying H∗(C∗b ( · ;R)Γ) and
H∗(C∗( · ;R)Γ) to the following diagram that is commutative up to Γ-homotopy, where U is
an amenable open cover of X of multiplicity at most n and the unlabelled maps are provided
by the universal properties of classifying spaces:

X̃

��

X̃

a Γ-lift of the nerve map X → |NU |
��

EΓ

��

|NŨ |

��

EAmΓ EAmΓ

The left arrows become invertible after applying H∗(C∗b ( · ;R)Γ) (via amenable transfer ar-

guments) and Hk(C∗(|NŨ |;R)Γ) ∼= 0 for k ≥ n ≥ dimNŨ + 1.
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