
Ergodic Theory of Groups: Week 1

Prof. Dr. C. Löh/J. Witzig April 21, 2020

Reading assignment (for the lecture on April 21).

• Register on GRIPS for this course.

In the first “lecture,” we will get acquainted with the video conferencing tool,
we will discuss organisational matters, and I will give a brief overview of this
course.

After this first “lecture”, the reading material for the second meeting will
be made available. In subsequent weeks with remote teaching, I will always try
to provide the material for the whole week n+ 1 on the Wednesday of week n.

Reading assignment (for the lecture on April 22).

• Think about how you can efficiently and successfully organise self-study:
for example, when to work on the reading assignments, how to make sure
that you do not just browse quickly through the material but get immersed
into the subject and spend enough time on it, when/how to “meet” with
fellow students to discuss the topics, which notes/annotations to take,
how to organise questions that arise while reading (and when/where to
ask them), which additional sources to consult, how to integrate working
on the exercise sheets . . .

• Reactivate basics from measure theory; some basic notions and facts are
contained in Appendix A.1 of the lecture notes.

• Reactivate basics from group actions.

• Read Chapter 1.1 Dynamical Systems.

The definitions of measure preserving maps and of measure preserving
actions are the key definitions of this course!

• (Optional) Get acquainted with the version control management system git
and set up an account on gitlab.com or github.com. This might simplify
the handling of submissions/grading of your solutions to exercises.

This is not a lot of material, but you will only have one day to prepare . . . From
week 2 on, there will be more Mathematics!

Exercises (for the session on April 24). In this first exercise session, some basics on
probability spaces and group actions will be discussed (e.g., as in the following
exercises).

Please turn over



Exercise 0.1 (Lebesgue measure preserving maps). We consider the Lebesgue
measure on the following spaces. Which of the following maps are measure
preserving?

1. R −→ R, x 7−→ −x2020

2. R −→ R2, x 7−→ (x, 0)

3. R2 −→ R, (x, y) 7−→ x

4. [0, 1]2 −→ [0, 1], (x, y) 7−→ x

Exercise 0.2 (measures on Z). We consider the left translation action Z y Z
(by addition) and equip Z with the σ-algebra P (Z).

1. How is this action defined?

2. Give an example of a measure on Z such that this action is measure
preserving.

3. Give a concrete example of a measure on Z such that this action is not
measure preserving.

4. Does there exist a probability measure on Z such that this action is mea-
sure preserving?

Exercise 0.3 (infinite products). Let ν be the uniform distribution probability
measure on {0, 1} and let µ :=

⊗
N ν be the product probability measure on the

product space {0, 1}N with the product σ-algebra.

1. Where does the probability space ({0, 1}N, µ) arise in applications?

2. Is the set A := {0} × {0, 1}N>0 measurable? If so, what is µ(A) ?

3. Is the set B := {0} × {0, 1} × {0} × {0, 1} × · · · measurable? If so, what
is µ(B) ?

4. What is the meaning of A and B in your answer to the first question?

Exercise 0.4 (the real world). Give a “real-world” example of a measure preser-
ving map.

No submission! Questions of this type will be discussed in the first exercise
session on April 24.


