
Geometric Group Theory: Exercises

Prof. Dr. C. Löh/M. Uschold Sheet 9, June 21, 2022

Quick check A (homomorphisms and quasi-isometry). Characterise all group ho-
momorphisms between finitely generated groups that are quasi-isometries!

Quick check B (a set-theoretic coupling of Z with Z ?). Let G := Z and H := Z.
We consider the following left and right actions by G and H on R2, respectively:

G× R2 −→ R2(
n, (x, y)

)
7−→ (n+ x, y)

R2 ×H −→ R2(
(x, y), n

)
7−→ (x, y + n)

Is R2 together with these actions a set-theoretic coupling of G and H ?

Quick check C (matrix groups). Let i : Z[
√

2] −→ R be the inclusion (a unital
ring homomorphism). Does the group homomorphism SL(2,Z[

√
2]) −→ SL(2,R)

induced by i have discrete image?

Exercise 1 (more matrix groups; 8 credits). Let σ+, σ− : Z[
√

2] −→ R be the
two unital ring homomorphisms (what do they look like?!). Does the group
homomorphism

SL
(
2,Z[
√

2]
)
−→ SL(2,R)× SL(2,R)

given by componentwise application of σ+ and σ−, respectively, have discrete
image? Justify your answer!

Exercise 2 ((weak) commensurability; 4 credits). Show that “commensurability”
and “weak commensurability” are equivalence relations on the class of all groups.

Exercise 3 (set-theoretic couplings and finite generation; 4 credits). Let G and H
be groups that admit a set-theoretic coupling. Show that G is finitely genera-
ted if and only if H is finitely generated. Subdivide your proof into suitable
intermediate steps.

Bonus problem (poetry; 4 credits).

The fundamental lemma of GGT
urgently needs poetry:

State and prove the lemma by Milnor and Švarc,
while paying attention to the rhyming arts!

Submission before June 28, 2022, 8:30, via GRIPS (in English or German)

The Quick checks are not to be submitted and will not be graded; they will be
solved and discussed in the exercise class on June 27, 2022.


