Algebraic Topology I — Exercises

Prof. Dr. C. Lch Sheet 11, January 8

Exercise 1 (chain homotopy equivalences). Let R be a ring with unit, let
Z € Ob(gMod), and let C, D € Ob(zCh). Prove or disprove:

1. If f: C — D is a chain homotopy equivalence in 7zCh, then the tensor
product Z ®z f: Z ®; C — Z ®z D is a chain homotopy equivalence
in RCh

2. Z®y f: Z®z C — Z ®z D is a chain homotopy equivalence in pCh,
then f: C' — D is a chain homotopy equivalence in zCh.

Exercise 2 (the standard resolution/die Standard-Auflsung). Let G be a
group. We consider the chain complex C' € Ob(zCh) with the chain modules
given by

o @gegnHZ'Q ifn>0
"o ifn<0

for all n € Z and the boundary operator given by

8n: Cn — Cn—l

n
Gn+1 29— Z(_I)J . (907' <5 95—15954+15 - - - agn)
7=0

for all n € N5¢o. Show that C' is chain homotopy equivalent to the chain com-
plex D concentrated in degree 0 with Dy =27 Z.

Exercise 3 (the /!-semi-norm on singular homology). Let X be a topological
space and let k € N. Let | - |; be the /!-norm on Cy(X;R) with respect to
the R-basis of Ck(X;R) that consists of all singular k-simplices of X. We then
define || - ||1: Hy(X;R) — R>¢ by

[ally := inf{|cx ‘ c € Cp(X;R), Opc=0, [ =a € Hy(X;R)}
for all &« € Hi(X;R).
1. Show that || - |1 is a semi-norm on Hj(X;R).

2. Let f: X — Y be a homotopy equivalence. Show that the induced ho-
momorphism Hy(f;R): Hp(X;R) — Hi(Y;R) is isometric with respect
to || - [|1-
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Exercise 4 (singular homology of ascending unions). Let R be a ring with unit
and let Z € Ob(gMod). Let X be a topological space and let (X,,)nen be an
ascending sequence of subspaces of X with (J, .y Xy = X. Use a compactness
argument to prove the following: For all k € Z the inclusion maps (X,, < X ),en
induce an isomorphism

colim Hy(X,; Z) — Hp(X; 2)
neN

of left R-modules.
Hints. We write

lim Hy (X,: Z) : ( HX,Iz)/N
(’57)61111 k g?\r k

where “~” is the equivalence relation that is generated by
V’HEN vaN v(yEHk(X,,,;Z) Q ~ Hk:(in,,m,; Z)((){) S Hk:(Xm; Z)
and where 7,, ,,, 1 X;, — X, are the corresponding inclusions.

Bonus Problem (singular homology of weakly contractible spaces). A topo-
logical space X is weakly contracible (schwach kontraktibel) if there is an xg € X
such that for all n € N the set 7, (X, zo) has exactly one element.

1. Let X be weakly contractible. Show that the constant map X — e
induces an isomorphism H,(X;Z) — H.(e;Z).

Hints.  Inductively, replace the singular chain complex C'(X) by sub-
complexes that are generated by singular simplices that are constant on
low-dimensional faces.

2. What does this imply for the singular homology with Z-coeflicients of the
Warsaw circle?
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