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Exercise 1 (homotopy invariant functors). Let F : Top −→ Ab be a homotopy
invariant functor. Prove or disprove:

1. Then F (RP 2015) ∼= 0.

2. If F (D2016) ∼= Z, then F (S2015) 6∼= Q.

Exercise 2 (invariance of dimension). In this exercise, you may assume that
the theorem on existence of “interesting” homotopy invariant functors holds.
Prove invariance of domain, i.e., show that for all n,m ∈ N we have Rn ∼= Rm

if and only if n = m.
Hints. Try to get spheres involved!

Exercise 3 (invariance of the boundary). In this exercise, you may assume that
the theorem on existence of “interesting” homotopy invariant functors holds.

1. Let n ∈ N>0 and let Hn := {x ∈ Rn | xn ≥ 0} be the upper half-space
(with respect to the subspace topology of Rn). Prove invariance of the
boundary, i.e., show that there is no open neighbourhood of 0 in Hn that
is homeomorphic to the open unit ball (Dn)◦ in Rn.

Hints. As first step, prove the following: If U ⊂ Hn is an open neigh-
bourhood of 0, then U \ {0} is homotopy equivalent to U .

2. Conclude that the Möbius strip and the boring strip S1 × [0, 1] are not
homeomorphic.

Exercise 4 (Warsaw circle/Warschauer Kreis). The topological space

W :=
{

(x, sin(2 · π/x))
∣∣ x ∈ (0, 1]

}
∪
(
{1} × [−2, 0]

)
∪
(
[0, 1]× {−2}

)
∪
(
{0} × [−2, 1]

)
(endowed with the subspace topology of R2) is called Warsaw circle. Prove that
for every baspoint w0 ∈W the fundamental group π1(W,w0) is trivial.
Hints. Show first that no loop in W can cross the “gap.”

Bonus Problem (Nash equilibria/Nash-Gleichgewichte). Look up the notion
of Nash equilibria in Game Theory. Prove the existence of Nash equilibria using
the Brouwer fixed point theorem.
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